Introduction
A classical result in the theory of submanifolds states that an n-dimensional (n 2) connected closed oriented hypersurface in a Euclidean space ¡ n+1 with non-vanishing Gauss-Kronecker curvature is diffeomorphic to an n-sphere [5] . Recall that the Gauss-Kronecker curvature of a hypersurface M in a Euclidean space is defined to be the product of all principal curvatures of M . Various differentiable sphere theorems for hypersurfaces in a Riemannian manifold were obtained in the past years. For example, Sacksteder [17] showed that an immersed closed orientable hypersurface with nonnegative curvature in ¡ n+1 is the boundary of a convex body and thus is diffeomorphic to a sphere. Do Carmo and Warner [6] proved that an ndimensional (n 2) connected closed oriented hypersurface with sectional curvature not less than −1 in ¢ n+1 is diffeomorphic to an n-sphere. Alexander [3] obtained a similar theorem for compact connected orientable hypersurfaces in a complete simply connected Riemannian manifold of nonpositive sectional curvature.
This work was partially supported by CNPq.
In the first part of this paper, we prove some differential sphere theorems for hypersurfaces in ¢ n+1 . In order to state our results, we fix some notation. Let £ n+2 be the (n + 2)-dimensional Lorentz-Minkowski space, that is, the real vector space ¡ n+2 endowed with the Lorentzian metric
For any nonzero a ∈ £ n+2 , the hyperplane a
into two open connected components which will be called the open hemispaces determined by a.
We use the Minkowski model for the simply connected hyperbolic space of constant sectional curvature −1 which is the submanifold
with the induced metric from , . Let We can state our first two results as follows. Hypersurfaces with constant mean or scalar curvature in a space form have received much attention in the past years. Alexandrov [1] proved that an imbedded compact hypersurface in a Euclidean space having constant mean curvature is a geodesic sphere. This was extended by Ros [15] , [16] and by Montiel and Ros [11] who proved that an imbedded compact hypersurface in . A well-known result of Cheng and Yau [7] classifies complete hypersurfaces M n (n > 2) with constant scalar curvature and non-negative sectional curvature in E n+1 as a round hypersphere, a hyperplane, or a generalized cylinder S k (c)×E n−k , 1 k n−1. Work of Li [9] showed that a compact hypersurface M n of constant scalar curvature n(n − 1)r with r 1 in S
n+1
(1), whose squared norm of the second fundamental form is bounded above by a certain constant which depends only on n and r, is isometric to the totally umbilical sphere S n (r) or the Riemannian
(c) for a certain value of the constant c. Recently, Alencar, do Carmo and Santos [2] have given an interesting gap theorem for closed hypersurfaces with constant scalar curvature n(n − 1) in a unit sphere. Also, one finds some interesting results about minimal hypersurfaces in a sphere with constant scalar curvature in, e.g., [4] , [13] , [14] , [18] . On the other hand, one can also consider hypersurfaces with constant norm of the second fundamental form. The second part of this paper is devoted to prove the following theorem for hypersurfaces with constant norm of the second fundamental form in ¢ n+1 . Theorem 1.4. Let M be an n-dimensional (n 2) connected closed orientable hypersurface with Ricci curvature bounded below by −(n − 1) in ¢ n+1 and denote by h the second fundamental form of M . Assume that |h| 2 is a constant not less than n. If the mean curvature H of M satisfies
then M is a geodesic sphere. . We will show that M is diffeomorphic to ¤ n a . In order to see this, we define a map ψ from M to ¤ n a by
Let dψ be the tangent map of ψ. For any x ∈ M and any v ∈ T x M , it is easy to see from (1.2) and (1.4) that
Thus, noticing that Av, N (x) = 0, we get
Since M has non-vanishing Gauss-Kronecker curvature, we know that if v = 0, then Av = 0. Thus, we conclude from (2.2) that if v = 0, then dψ x (v) = 0. Hence ψ is a local diffeomorphism by the inverse function theorem. Since M is compact, ψ is a covering map (cf. [10] , [5] ). But M is connected and S n a is simply connected, hence we know that ψ is a diffeomorphism (cf. [10] , [5] ). This completes the proof of Theorem 1.2.
For any x ∈ M and any v ∈ T x M we have
and so
The Schwarz inequality gives
Also, we have
Thus, we conclude that
x, x = −1, x, a = 0, a, a = 1,
which implies that x 0 + a 0 = 0. Thus, we can define a mapφ from a ⊥ ∩ ¢ n+1 to the unit Euclidean n-sphere S n (1) bỹ
).
Take a smooth curve
satisfying γ(0) = z and γ (0) = u. From the definition ofφ, one concludes that
Observe that the function f :
Substituting (2.4) and
Hence, if u = 0, then dφ z (u) = 0. Consider now the map
For any x ∈ M and any nonzero w ∈ T x M we have dϕ x (w) = 0, which in turn implies that dΦ x (w) = dφ ϕ(x) (dϕ x (w)) = 0. Consequently, for any x ∈ M , dΦ x is injective and so it is an isomorphism. Thus Φ is a local diffeomorphism by the inverse function theorem. Since M is compact and connected and S n (1) is simply connected, we know that Φ is a diffeomrphism. This completes the proof of Theorem 1.3.
Before proving Theorem 1.4, we list an algebraic lemma.
Lemma 2.1 ([12]
). Let a i , i = 1, . . . , n, be real numbers satisfying
and one of the equalities holds if and only if at least (n − 1) of the a i 's are equal.
h ij ω i ⊗ω j be the second fundamental form of M ; then h is a Codazzi tensor. Assume that h ij = λ i δ ij , where λ i , i = 1, . . . , n are the principal curvatures of M n . From [7] we have
where h ijk and R ijkl are the covariant derivative of h and the curvature tensor of M , respectively. It follows from the Gauss equation that (2.7)
for any i = j, which gives (2.8)
Putting (2.9), (2.10) into (2.6) and using Lemma 2.1, we get
where A(n, |H|, |h|
which is equivalent to
Since |h| 2 n, it follows from (1.5) that
Thus, we have from (2.12) and (2.13) that (2.14)
That is,
Since |h| 2 is constant, we have from (2.6) and (2.11) that
Since the Ricci curvature of M is bounded from below by −(n − 1), the Gauss equation gives
Suppose without loss of generality that λ 1 λ 2 . . . λ n . We claim that for any p ∈ M , either λ i (p) 0, i = 1, . . . , n,
Let us prove this fact by contradiction. Thus suppose that there exists a q ∈ M such that λ 1 (q) > 0 and λ n (q) < 0.
which contradicts (2.17). On the other hand, if Then we have from the maximal principle that (2.19) (tr h) ii (p) 0, i = 1, . . . , n.
Thus, we have from (2.16), (2.19) and A(n, |H|, |h| This shows that M is totally umbilic and so it is a geodesic sphere. The proof of Theorem 1.4 is complete.
